Published by Institute of Physics Publishing for SISSA/ISAS Received: May 7, 2003 Accepted: June 10, 2003

Holography of the N = 1 higher-spin theory on AdS_4

Robert G. Leigh^{ab} and Anastasios C. Petkou^b

aDepartment of Physics, University of Illinois at Urbana-Champaign Urbana, IL 61801, USA, and bCERN Theory Division CH-1211 Geneva 23, Switzerland Email: rgleigh@uiuc.edu, tassos.petkou@cern.ch

Abstract: We argue that the N = 1 higher-spin theory on AdS_4 is holographically dual to the N = 1 supersymmetric critical O(N) vector model in three dimensions. This appears to be a special form of the AdS/CFT correspondence in which both regular and irregular bulk modes have similar roles and their interplay leads simultaneously to both the free and the interacting phases of the boundary theory. We study various boundary conditions that correspond to boundary deformations connecting, for large-N, the free and interacting boundary theories. We point out the importance of parity in this holography and elucidate the Higgs mechanism responsible for the breaking of higher-spin symmetry for subleading N.

Keywords: Field Theories in Lower Dimensions, Conformal Field Models in String Theory, AdS-CFT and dS-CFT Correspondence, Supersymmetry and Duality.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep062003011 /jhep062003011 .pdf

Contents

1. Introduction and the Klebanov-Polyakov proposal 1

2. A fermionic realization of the IR boundary theory and the role of parity 3

3. N = 1 higher-spin theory in AdS_4 and the N = 1 O(N) vector model in d = 3 4

4. Boundary conditions and deformations: general remarks 5 4.1 Scalars 5 4.2 Spinors 8

5. Boundary conditions and deformations: N = 1 higher-spin theory 9 5.1 Large-N duals 9 5.1.1 The free N = 1 supersymmetric O(N) vector model 9 5.1.2 The strongly coupled N = 1 supersymmetric O(N) vector model 9 5.2 Deformations 10 5.2.1 Mass deformations 10 5.2.2 A marginal double-trace perturbation 10 5.2.3 A supersymmetry breaking deformation 11 5.3 Subleading-N and the breaking of higher-spin gauge symmetry 11

6. Summary and discussion 13

A. Conventions 14

1. Introduction and the Klebanov-Polyakov proposal

It has been long understood that consistent higher-spin gauge theories admit AdS spacetimes as vacua [1]. Nevertheless, only recently the question of the holography of higher-spin theories has been raised [2]. The interest in this holography currently is growing as it is gradually realized that it touches upon important issues such as the small tension limit of string theory and the holography of weakly coupled quantum field theories. (some other recent work includes [3].)

A concrete proposal for the holographic dual of a simple higher-spin theory was made in [4]. Consider the minimal bosonic higher-spin algebra in d = 4

hs(4) ∋ SO(3, 2) . (1.1)

– 1 –

The unitary irreducible representations (UIR) of Spin(3, 2) are characterized by the quantum numbers of the subgroup SO(2, 1) × SO(1, 1); they are labeled D(Δ, s), with Δ the dimension and s the total spin. The massless UIR’s saturate the unitarity bound Δ ≥ s+1. (In addition, there are the exceptional UIR’s D(2, 0), D(1/2, 0) and D(1, 1/2). The latter two are singletons.) The “currents” that can be obtained as symmetric composites of the basic scalar singleton UIR D(1/2, 0) have even spin s = 0, 2, 4, . . .. This is the spectrum of the minimal bosonic higher-spin theory

[D(1/2, 0) ⊗ D(1/2, 0)]_S = D(1, 0) ⊕ ∞∑ s=1 D(2s + 1, 2s) . (1.2)

On AdS_4, the realization of this minimal higher-spin bosonic theory may be consistently constructed, although only partial information is explicitly available for the action of the theory. For each state in the spectrum, one considers a corresponding AdS_4 field. In particular, the D(1, 0) UIR is associated to a conformally coupled scalar on AdS_4

I_4 = 1 2κ^2_4 ∫ d^4x √ −g ( − 1 2 (∂h)^2 − 1 2 m^2h^2 + · · · ) , (1.3)

with m^2 = −2. Similar, yet largely unknown, terms should be written for the higher-spin UIR’s.

The spectrum of the higher-spins is by construction in one-to-one correspondence with the spectrum of the conserved higher-spin currents in a free bosonic theory in d = 3. To study the holographic dual of (1.3) one can always normalize the 2-pt functions in the boundary to be of order 1, and then observe that the n-pt correlation functions for n ≥ 3 are proportional to (2κ^2_4)^{n/2}, i.e., are suppressed by powers of the Planck length in AdS_4. This may be taken to imply that the elementary fields in the holographic dual of the minimal bosonic higher-spin theory carry a certain group representation. It was observed in [4] that the elementary fields should carry a vector representation, rather than adjoint, in order that the composite singlet currents reproduce the hs(4) spectrum (1.1) and the concrete proposal is that the boundary theory is the O(N) bosonic vector model in d = 3. This essentially means that one identifies the Planck length in AdS_4 with 1/ √ N as 2κ^2_4 ∼ 1/N, a normalization that we will adopt below.

Now, the mass of the conformally coupled scalar in (1.3) is such that both the regular and the irregular boundary modes could be used to construct a boundary effective action that gives positive definite 2-pt functions [5]. Then, one observes that the conformally coupled scalar in AdS_4 gives the “spin-zero” current of the free O(N) theory only if one uses the non-standard dimension Δ_−, which corresponds to the irregular mode. Using the standard dimension Δ_+ appears to give the large-N interacting fixed point of the model [4]. The existence of these two fixed points is related to the fact that the choice of either Δ_− or Δ_+ can be imposed by appropriate boundary conditions corresponding to “double-trace” deformations^1 of the boundary theory: the choice Δ_+ can be imposed

1With a slight abuse in terminology, “double-trace” operators here mean operators that are quadrilinear in the elementary O(N) vector fields.

– 2 – by a relevant “double-trace” deformation of the boundary UV fixed point and the choice Δ_− can be imposed by an irrelevant deformation of the IR boundary fixed point. It is interesting to note that the existence of the two different fixed points in the boundary is also tied to the existence of a large-N limit. [6, 7]

2. A fermionic realization of the IR boundary theory and the role of parity

There appears to be another possible construction of the Δ_+ theory above. Suppose we start with the fermionic singleton D(1, 1/2). We have

[D(1, 1/2) ⊗ D(1, 1/2)]_A = D(2, 0) ⊕ ∑ s=1 D(2s + 1, 2s) . (2.1)

This product contains the D(2, 0) UIR plus the same tower as in (1.2). In this case it seems that the natural boundary theory to associate with this spectrum is a free O(N) Majorana fermionic theory. Indeed, at leading order in 1/N the dimension of the basic O(N)-singlet ψ̄aψa current is one, as is the IR dimension of the current in the interacting boson model. This observation appears to suggest that at leading order in 1/N the interacting fixed point of the bosonic O(N) model involves free fermions. Moreover, the recent calculation in [8] of the 3-pt functions of the “spin-zero” current in the critical O(N) vector model at both its UV and IR fixed points for large-N might be viewed as additional support for such a claim. It was there found, (following earlier work in [9]), that the 3-pt function of the “spin-zero” current in the IR fixed point (i.e., the operator with dimension 2) vanishes. This is consistent with the fact that the 3-pt function of the current ψ̄^aψ^a is zero in the free fermionic theory. Furthermore, one may consider the “double-trace” deformation (ψ̄ψ)^2 of the free fermionic boundary theory. From an RG point of view this is an irrelevant deformation and therefore it is consistent with the fact that the free fermionic theory corresponds to an IR fixed point [10]. We can then ask what is the UV fixed point at the other end of this irrelevant deformation? The answer is that such a UV fixed point involves, at leading-N, exactly the spectrum (1.2) and therefore seems to correspond to the free O(N) vector model.

The above picture is appealing but overlooks the subtle role of parity.^2 First, let us note that the Legendre transform in AdS/CFT is simply implementing the “intertwining” operation — i.e., interchanging representations of dimensions Δ with those of dimension d − Δ [11]. This is related to a conformal inversion of the form x^μ → x^μ/x^2 which explains the UV–IR relationship. However, there is an additional discrete parity transformation (i.e., reflection in one of the spatial coordinates), necessary to bring the inversion into SO(3, 2) [12]. Starting with a bulk scalar as in (1.3) the two boundary theories corresponding to the choices Δ_− and Δ_+ are related by a Legendre transform [5] and hence the two different boundary UIRs D(1, 0) and D(2, 0) are both scalars i.e. they have positive parity. The crucial point is now that a free-field representation of (1.2) with elementary scalars is only possible when D(1, 0) has positive parity, while a free-field fermionic representation

2We are indebted to P. Sundell for extensive discussions that led to the clarification of the role of parity.

– 3 – of (2.1) is possible when D(2, 0) has negative parity. Therefore, the fixed points corresponding to the Legendre transforms of the free bosonic and free fermionic theories do not appear to correspond to free field theories, even for large-N. It is intriguing, however, that the 3-pt function of the parity-even UIR D(2, 0) at the IR point of the O(N) vector model vanishes.

3. N = 1 higher-spin theory in AdS_4 and the N = 1 O(N) vector model in d = 3

Our aim here is to discuss the holography of the N = 1 supersymmetric higher-spin theory and show that the proposal of [4] and its intriguing properties arise as special cases. Supersymmetric versions of higher spin theories have been recently constructed [3]. The N = 1 theory hs(1, 4) is built from the two singleton UIR’s D(1/2, 0) and D(1, 1/2) and its spectrum is given by

[D(1/2, 0) ⊗ D(1/2, 0)]_S = D(1, 0) ⊕ ∑ s=1 D(2s + 1, 2s) , (3.1)

[D(1, 1/2) ⊗ D(1, 1/2)]_A = D(2, 0) ⊕ ∑ s=1 D(2s + 1, 2s) , (3.2)

D(1, 1/2) ⊗ D(1/2, 0) = D(3/2, 1/2) ⊕ ∑ s=0 D(5/2 + s, 3/2 + s) . (3.3)

Given the successes of the bosonic theory, it is not hard to suggest that

The minimal N = 1 higher-spin theory on AdS_4 is dual to the singlet part of the N = 1 supersymmetric O(N) vector model in d = 3.

The spectrum of the N = 1 minimal higher-spin theory is arranged into massless Osp(1|4) supermultiplets [13]. There is one massless^3 “Wess-Zumino” multiplet that contains both scalar UIR’s D(1, 0) and D(2, 0). In the AdS_4 realization of the theory these correspond to two conformally coupled scalars h^{(+)}_1 and h^{(−)}_2 . The supermultiplet is completed by a bulk fermion field Ψ, the D(3/2, 1/2) UIR. One can easily write the quadratic part of the action for that multiplet as [14] (see also [15] for a related discussion)

I_4 = N ∫ d^4x √ −g ( − 1 2 ( ∂h^{(+)}_1

)_2 + ( h^{(+)}_1

)_2 − 1 2 ( ∂h^{(−)}_2

)_2 + ( h^{(−)}_2

)_2 + 1 2 Ψ̄/DΨ + · · · ) . (3.4) The dots on the right hand side of (3.4) corresponds to the kinetic terms of higher-spin fields as well as interactions. These are computable, at least in principle. The scalars h^{(+)}_1 and h^{(−)}_2 are real while the fermion Ψ is Majorana. Our notation is explained fully in the appendix.

3Massless refers to the fermion; the bosons are conformally coupled with m^2 = −2.

– 4 –

Notice now that, as also explained in the appendix, the UIR’s D(1, 0) and D(2, 0) in (3.4) have opposite parity. [16] This is not explicit in the bulk action (3.4), but is implied by supersymmetry (and consequently by boundary conditions at r → 0 necessary to preserve supersymmetry). By parity (which could also be referred to as a discrete chiral symmetry), we mean a discrete element which we take to be (x^0, x^1, x^2, x^3) → (x^0, x^1, −x^2, x^3). Without loss of generality, we choose hereafter to assign positive parity to h^{(+)}_1 and negative parity to h^{(−)}_2 as indicated by the superscripts. Moreover, the two two-component Majorana spinors inside Ψ transform under parity with opposite signs.

We see then that the choice of boundary conditions determines essentially the nature of the boundary theories dual to (3.4). One of the two possible duals is the free N = 1 O(N) vector model in d = 3 whose action in superspace is given by (A.11). In this case, the bulk higher-spin currents in AdS_4 correspond to O(N)-singlet bilinears of the elementary boundary superfield Φ^a that may be represented as Φ^aD_{(i1} . . . D_{i4n)}Φ^a, where the on-shell real superfield is given by

Φ^a(x, θ) = φ^a(x) − θ̄ψ^a(x) , a = 1, 2, . . . , N . (3.5)

In particular, the terms in the bulk action depicted in (3.4) should reproduce holographically the generating functional for correlation functions of the “spin-zero” current J, which is, on-shell J(x, θ) = 1 2 Φ^2(x, θ) = 1 2 (φ^aφ^a) (x) − θ̄ (ψ^aφ^a) (x) − 1 2 θ̄θ (ψ̄^aψ^a) (x) . (3.6)

In the next section, we consider further the role of boundary conditions in the holography of the N = 1 O(N) theories.

4. Boundary conditions and deformations: general remarks

The N = 1 supersymmetric O(N) vector model in the boundary has been studied extensively in the literature using mainly a σ-model approach [17]. It possesses two critical points at large-N, one free and one interacting, which have various supersymmetric and non-supersymmetric deformations that could be considered. We consider several such deformations in section 5, although the “double-trace” deformations of the supersymmetric fixed points are of particular interest. From the bulk point of view, these correspond to suitable choices of the boundary conditions for scalars and spinors. We review this in the present context below [18, 19].

4.1 Scalars

We consider the conformally coupled scalars in (3.4) whose asymptotic behavior near the AdS_4 boundary at r → 0 is

h^{(±)}_k = rα^{(±)}_k (x) + r^2β^{(±)}_k (x) + · · · , k = 1, 2 . (4.1)

– 5 –

Requiring that the bulk solutions vanish as r → ∞ one obtains

α^{(+)}_1 (x) = − 1 2π^2 ∫ d^3y 1 (x − y)^2 β^{(+)}_1 (y) , (4.2)

β^{(−)}_2 (x) = − 1 2π^2 ∫ d^3y 1 (x − y)^4 α^{(−)}_2 (y) . (4.3)

Therefore, each bulk solution (4.1) depends on one arbitrary function and when substituted back into the bulk action yields a well defined boundary functional. Usually one is forced to consider a functional of the α’s and this is referred to as choosing the regular boundary conditions. However, as pointed out in [5] there are cases where a functional of the β’s is perfectly acceptable, and this is referred to as choosing the irregular boundary conditions. Then, the functionals of the α’s and the β’s are related by a Legendre transform as is implied by (4.2) and (4.3), which preserves the parity assignments. Furthermore, choosing as boundary sources one of the α’s or the β’s, the other becomes the expectation value of the boundary operator. Explicitly, to get the free boundary fixed point we want here to choose β^{(+)}_1 (x) as a source for the boundary operator J^{(+)}_1 (x), and then α^{(−)}_1 (x) represents the one-point function ⟨J^{(−)}_1 (x)⟩. Conversely, for J^{(−)}_2 (x) it is α^{(−)}_2 (x) that sources the field, and β^{(−)}_2 (x) gives the corresponding one-point function. Thus the supersymmetric boundary condition on the bulk scalar fields of the action (3.4) should be

α^{(+)}_1 (x) = β^{(−)}_2 (x) = 0 . (4.4)

Now, if we want to perturb the lagrangian of the boundary theory, we take a suitable boundary condition for h^{(±)}_k . The precise form of the boundary condition will determine the actual perturbation. One simple deformation is the “single trace” ∫ d^3xf^{(+)}_1 (x)J^{(+)}_1 (x), whereby we simply set the value of β^{(+)}_1 = f^{(+)}_1 . Similarly, if we want the single trace deformation ∫ d^3xf^{(−)}_2 (x)J^{(−)}_2 (x), the appropriate boundary condition is α^{(−)}_2 = f^{(−)}_2 . For more general deformations the prescription given by Witten [18] may be summarized as follows. If we wish to generate the perturbation ∫ d^3x W ( x; J^{(+)}_1 , dJ^{(+)}_1 , . . . , J^{(−)}_2 , dJ^{(−)}_2 , . . . ) , (4.5)

we impose the boundary conditions

β^{(+)}_1 = δW (x; α^{(+)}_1 , dα^{(+)}_1 , . . . , β^{(−)}_2 , dβ^{(−)}_2 , . . .) δα^{(+)}_1

, (4.6)

α^{(−)}_2 = δW (x; α^{(+)}_1 , dα^{(+)}_1 , . . . , β^{(−)}_2 , dβ^{(−)}_2 , . . .) δβ^{(−)}_2

. (4.7)

For completeness, let us give an example of how this result comes about. Consider for simplicity a single bosonic field h conjugate to the boundary operator O with dimension 1/2 < Δ < 3/2. The field h has the behavior

h ∼ r^{3−Δ}α_0(x) + r^Δβ_0(x) + · · · , (4.8)

– 6 – while α_0 and β_0 are related as β_0(x) ≡ ⟨O⟩_{α,0} ∼ ∫ d^3y 1 (x − y)^{2(3−Δ)} α_0(y) . (4.9)

Add a boundary interaction^f_{2N} ∫ d^3y O(y)^2 and consider the calculation of ⟨O(x)⟩_{α,f} = ⟨ O(x)e^{i f2N} ∫ d^3y O(y)^2 ⟩ α,0 . (4.10)

We can proceed by expanding the exponential. The crucial point here is the assumption of a large-N expansion such that only the leading term in the OPE O(x)O(y) ∼^N_{(x−y)2Δ} I +· · · contributes in the large-N limit. Then we derive ⟨O(x)⟩_{α,f} = ⟨O(x)⟩_{α,0} + f ∫ d^3y 1 (x − y)^{2Δ} ⟨O(y)⟩_{α,0} + +f^2 ∫ d^3y 1 (x − y)^{2Δ} ∫ d^3z 1 (y − z)^{2Δ} ⟨O(z)⟩_{α,0} + · · · . (4.11) Now, we can multiply (4.11) by the inverse kernel of (4.9) to obtain ∫ d^3x 1 (y − x)^{2(3−Δ)}

⟨O(x)⟩_{α,f} = α_f (y) , (4.12)

and we then have

α_f (y) = α_0(y) + fβ_0(y) + f^2 ∫ d^3x 1 (y − x)^{2Δ} β_0(x) + · · · , (4.13)

and thus α_f = α_0 + fβ_f . (4.14)

Setting then the sources to zero in the unperturbed theory α_0 = 0, we arrive at the advertised boundary condition (4.6). It is clear that this derivation will generalize to an arbitrary functional W .

The derivation above elucidates also the meaning of choosing the irregular boundary conditions, i.e., considering a functional of β_0 in the case of (4.8). Formally, this corresponds to considering the Legendre transform of the standard functional of α_0 that is the generating functional of operators Ô with dimension 3 − Δ. Consider now a boundary interaction g 2N ∫ d^3y Ô(y)^2. Following the same reasoning as above we find

β_g = β_0 + gα_g . (4.15)

We now see that f → ∞ in the regular choice (4.14) leads to the unperturbed boundary condition g = 0 in (4.15) and hence to the irregular choice. The reverse also holds true and g → ∞ in the irregular choice leads to the unperturbed f = 0 regular choice (4.14).

– 7 –

4.2 Spinors

Next we consider a massless bulk spinor Ψ. The Dirac equation has the form [ Γ^3 ( r∂_r − 3 2 ) + rΓ^μ∂_μ ] Ψ = 0 . (4.16)

This can be transformed into a second order equation whose general on-shell solution is Ψ(x, r) = ∫ d^3p (2π)^3 e^{ip·x}r^2K_{1/2}(pr) ( a_+(p) a_−(p) ) , (4.17)

where a_± are two-component spinors. Substituting back into the first order equations, we find asymptotically^4 a_− = i/na_+ , n_μ = p_μ p . (4.18)

The asymptotic behavior of (4.17) near the boundary is Ψ(x, r) ∼ r^{3/2} ( u_+(x) u_−(x) ) , (4.19)

where

u_−(x) = + ∫ d^3y G(x − y) u_+(y) , (4.20)

G(z) = −G(z)^{−1} = i ∫ d^3p (2π)^3 e^{ip·z} /p p = − 1 π^2 /x x^4

. (4.21)

Notice now that under the parity transformation of (A.12), u_+ and u_− transform with different signs, while the kernel (4.21) remains invariant. The latter is actually proportional to the 2-pt function of the boundary fermions, and is sometimes referred to as an intertwiner [11].

Since the boundary action is of the form [20] ∫ d^3x(ū_+u_+ − ū_−u_−) , (4.22)

it appears that which of u_± one calls ⟨O_{3/2}⟩ and which one calls the source is a matter of choice. However, the supersymmetry structure indicates the proper interpretation. Recall that in the bulk, the supercharge splits as in (A.18) Q = ( q s ) , (4.23)

where q is the supercharge and s is the superconformal generator. After making a choice of parity assignments for the bulk scalars, e.g., assign negative parity to h^{(−)}_2 , the supersymmetry in the bulk requires that qh^{(−)}_2 ∼ Ψ. (in the notation of the appendix, h^{(−)}_2 ∼ j_2). Now, we remember that to get the free O(N) theory in the boundary, we use the regular

4The precise form is^{(yD+1/2)K1/2(y)} K1/2(y) a∓ = ∓iyγ μnμa±.

– 8 – boundary conditions for h^{(−)}_2 . Therefore in this case we should identify u_+ with the vev and u_− with the source. The opposite will hold true when we want to find the strongly-coupled O(N) boundary theory.

Consider then the classically marginal “double-trace” operator e^{i E2N} ∫ d^3x Ō_{3/2}O_{3/2} . (4.24)

To determine the boundary condition to which it corresponds we follow the arguments in the previous subsection and write

u^{(E)}_− (x) = u^{(0)}_− (x) + iE ∫ d^3y iG(x − y)u^{(0)}_− (y) + · · · . (4.25)

Assuming then an OPE of the form O^i_{3/2}(x)O^j_{3/2}(y) ∼ NiG^{ij} (x − y)I + · · · , (4.26) and a large-N expansion we arrive at the condition

u^{(E)}_− = u^{(0)}_− + Eu^{(E)}_+ . (4.27)

Note now that (4.27) is a boundary condition that does not preserve parity, but E → ∞ clearly corresponds to switching q and s, and thus we would expect a rearrangement of the supermultiplet, if the theory is supersymmetric at E → ∞.

5. Boundary conditions and deformations: N = 1 higher-spin theory

Now we are ready to present our concrete proposal by considering various boundary conditions for the bulk fields that appear in the action (3.4). First we will consider the large-N duals of the bulk theory which means that we discuss only the tree level bulk action. In section 5.3, we will discuss the effects of bulk loops on the higher-spin gauge symmetry.

5.1 Large-N duals

5.1.1 The free N = 1 supersymmetric O(N) vector model To obtain the free N = 1 Supersymmetric O(N) vector model in the boundary we consider the irregular boundary condition for h^{(+)}_1 and the regular one for h^{(−)}_2 . Making also an appropriate choice for the boundary condition of the bulk fermion, as explained in section 4.2, we preserve supersymmetry. Moreover, as we will argue in section 5.3 these boundary conditions will not break the higher-spin gauge symmetry even after bulk loops are taken into account.

5.1.2 The strongly coupled N = 1 supersymmetric O(N) vector model In this case, we use the regular boundary condition for h^{(+)}_1 and the irregular one for h^{(−)}_2 . Then, with the opposite choice from above for the boundary conditions of the bulk fermions we still preserve supersymmetry. However, now the boundary “spin-zero” current multiplet cannot be represented by free fields due to the specific parity assignments. This

– 9 –

N = 1 theory corresponds to the large-N limit of the IR fixed point of the O(N) vector model. The reason is that, as we will argue in section 5.3, the specific boundary conditions chosen here will break the higher-spin gauge symmetry for subleading-N when bulk loops are taken into account. In this way the currents in the boundary theory will acquire anomalous dimensions of order 1/N.

5.2 Deformations

Next, we consider deformations of the boundary lagrangian.

5.2.1 Mass deformations The simplest deformation of the free N = 1 theory that one could consider is a boundary condition corresponding to adding a mass term for elementary fields in the boundary theory. For example, a boundary fermion mass term will clearly lead to an infrared theory containing only currents built out of the elementary bosons φ^a, once 1/N corrections are taken into account. From the bulk point of view, this physics should be reproduced classically, by a suitable “domain wall”. In particular, one must be able to see that all higher spin bulk fields that were coupled to boundary operators involving fermions (i.e., h^{(−)}_2 and Ψ and their higher-spin partners) are made massive by the choice of boundary condition. In this way, one is left with the spectrum of the hs(4) bosonic higher spin theory. Similarly, a boundary boson mass term should leave only the fermionic currents in the boundary theory, or in the bulk, only h^{(−)}_2 and its higher-spin partners.

5.2.2 A marginal double-trace perturbation Given the established connection between the Legendre transformation and double trace operators, it is clearly of interest to study these in the present context. There are two distinct choices that we will identify.

First, a (classically) marginal deformation of the free boundary theory is ∫ d^3x { g_3J^{(+)}_1 J^{(−)}_2 + g_4J̄^{(±)}_{3/2} J^{(±)}_{3/2} } . (5.1)

This is supersymmetric along the line g_3 = −2g_4 in which case it corresponds to the deformation ∫ d^3x d^2θ J^2. It is easily seen that this deformation violates parity [21]. It is interesting to ask where the deformation (5.1) leads the free O(N) vector model to, for large values of the couplings g_3, g_4 and large-N. One way to answer this is to recall that (5.1) can actually be imposed via an appropriate boundary condition on the bulk fields. In the notation of the previous section this is

α^{(−)}_2 = g_3α^{(+)}_1 , β^{(+)}_1 = g_3β^{(−)}_2 , u_− = −g_4u_+ . (5.2)

We now see that in the supersymmetric case the limit of large coupling constant and large- N just leads to the strongly coupled theory of subsection 5.1.2. Thus, even though the deformation (5.1) breaks parity, at large-N we end up with an N = 1 supersymmetric theory.

– 10 –

It is also possible that the deformation (5.1) is actually exactly marginal. This sort of possibility was mentioned in ref. [18] in the bosonic theory, where it was noted that AdS_4 apparently remains a solution for any value of the coupling ∫ d^3xO_{Δ−} O_{Δ+} . In the present case, the situation is even better: eq. (5.1) is a deformation of a free CFT and thus marginality can be investigated perturbatively. We are not aware of literature related directly to this question, but it should not be too difficult an issue to settle.

5.2.3 A supersymmetry breaking deformation Another interesting “double-trace” deformation of the free theory is 1 2 ∫ d^3x { g_1(J^{(+)}_1 )^2 + g_2(J^{(−)}_2 )^2 + g_3J̄^{(±)}_{3/2} J^{(±)}_{3/2} } . (5.3)

This is a closer analogue to the double trace deformation considered for the bosonic theory. It corresponds to the boundary conditions

α^{(−)}_2 = g_2β^{(−)}_2 , β^{(+)}_1 = g_1α^{(+)}_1 , u_− = −g_3u_+ , (5.4)

which of course break supersymmetry. g_1 corresponds to a relevant deformation of the free O(N) fixed point while the g_2 deformation looks irrelevant from an RG point of view. Again, we can ask where the deformation (5.3) leads the free boundary theory to, for large values of the couplings and large-N. This can be answered using information from the bulk. Namely, we see from the boundary conditions (5.4) that for large values of the coupling constants one is apparently led to the strongly coupled theory of subsection 5.1.2 again! This time, the boundary conditions for the scalars are parity preserving while the one for the fermion is parity non-preserving. The remarkable result is that despite the fact the the deformation (5.3) breaks supersymmetry, at large-N we recover an N = 1 supersymmetric theory, at its strongly coupled fixed point. This is perhaps not as surprising as it seems, as the RG interpretation of the deformation (5.3) is rather unusual. Indeed, due to the structure of the Wess-Zumino multiplet, one may view the free boundary theory as being “half at the UV fixed point” (the part involving the bosons) while the other half is at its “IR fixed point” (the part involving the fermions).

5.3 Subleading-N and the breaking of higher-spin gauge symmetry

In the previous subsection we argued that the tree level N = 1 higher-spin theory on AdS_4 leads to two boundary 3d CFTs whose composite operators have exactly the same spectrum of dimensions. The only property that distinguishes the two boundary theories, at large-N, is the parity assignment of the operators in the supermultiplets. One choice of parity assignments leads to the free O(N) vector model while the other choice leads to a strongly coupled version of the O(N) vector model. The generating functionals of the two theories are related by a Legendre transform.

The distinction between the two theories should become more evident when considering bulk loop corrections or, equivalenty corrections subleading in 1/N in the boundary theory. In other words, we expect that starting with the boundary action (3.4) and considering the boundary conditions that lead to the free boundary theory, bulk loops do not break

– 11 – the higher-spin gauge symmetry. That is, the bulk higher-spin fields remain massless while the corresponding boundary currents remain conserved. On the other hand, considering the boundary conditions that lead to the strongly coupled boundary theory we expect that the bulk loops will render the higher-spin fields massive (Higgsing) and the corresponding boundary currents non-conserved [22].

The mechanism by which the phenomenon described above takes place is a generalization of the mechanism discussed in [23] for the case of the minimal bosonic higher-spin theory on AdS_4. The basic physics arises from the fact that a representation that is massive from the bulk point of view satisfies

D(Δ, s) → D(s + 1, s) ⊕ D(s + 2, s − 1) (5.5)

as Δ → s+1. This can be taken to imply that in order for a spin s field to become massive, there must be a suitable Goldstone mode transforming as D(s + 2, s − 1), it must be of the correct parity, and there must be a suitable coupling present in the bulk effective action.

Here we elucidate this argument further by discussing it from the boundary point of view. Conformal invariance requires that a boundary spin s current J^{μ1,...,μs} with dimension Δ_s = s + 1 is also conserved. Non-conservation of this current appears in the form of an anomalous dimension, Δ_s → s + 1 + γ. Let us assume that γ ∼ O(1/N). Then, the non-conservation of a boundary current means that there is an operator equation of the form ∂_{μ1} J^{μ1,...,μs} (x) ∼ 1 √ N T^{μ2,...,μs} (x) . (5.6) The current T^{μ2,...,μs} (x) has dimension s + 2 to leading order in 1/N. For non-coincident points, (5.6) leads to ⟨∂_{μ1} J^{μ1,...,μs} (x_1) ∂_{ν1} J^{ν1,...,νs} (x_2)⟩ ∼ 1 N ⟨T^{μ2,...,μs} (x_1)T^{ν2,...,νs} (x_2)⟩ . (5.7) Then, conformal invariance determines [24] the form of both sides in (5.7) and a treelevel calculation of the rhs of (5.7) yields the 1/N result for γ. What is crucial for us is that equations such as (5.6) can exist in the theory only if a current T^{μ2,...,μs} (x) with the appropriate dimension s + 2 and parity can be constructed.

Now let us consider the N = 1 higher-spin theory on AdS_4. In the bulk effective action, there might be terms of the schematic form^5 1 √ N W^{a1,...,as} W_{a3,...,as} ∂_{a1} ∂_{a2} h , (5.8) where W are higher-spin currents and h is either of the two conformally coupled bulk scalars. If such a term exists, then it can give rise to a boundary 3-pt function of the form ⟨∂_{μ1} J^{μ1,...,μs} (x_1)J_{μ3 ,...,μs} (x_2)∂_{μ2} J(x_3)⟩ . (5.9) 5These couplings should be suitably supersymmetrized, but we will not consider the details of this here.

– 12 –

This 3-pt function will be non-zero and would correspond to (5.7) if in the OPE of J_{μ3,...,μs} with J there exists an operator such that its derivative produces the current T^{μ2,...,μs} (x). Let us study this in more detail. The OPE in question is of the form

J_{μ3,...,μs} (x_2)J(x_3) ≈ T_{μ3,...,μs} (x_3) + (x_{23})^ν S_{νμ3,..μs} (x_3) + · · · , (5.10)

where the dots stand for higher descendants and other operators. Now we have to take into account the dimension of J(x). When J(x) has dimension 2 the operator T in (5.10) has dimension s + 1 and its derivative has dimension s + 2 and could be a candidate for T . But only when J has matching parity can this OPE produce the correct T . On the other hand, when J has dimension 1, it is the operator S in (5.10) that has dimension s + 1 and therefore its derivative might give rise to T . In this case however, only when J has opposite parity can the correct T arise. Moreover, it is easy to see that when s = 2 the OPE (5.10) is between the same boundary scalar. Therefore, whichever boundary condition one chooses, the correct T can never arise. Therefore, the boundary energy momentum tensor remains always conserved as it should.

6. Summary and discussion

We have presented a concrete proposal for the holographic dual of the N = 1 higherspin gauge theory on AdS_4. We have argued that the boundary theory is the N = 1 supersymmetric O(N) vector model in three dimensions. Both regular and irregular bulk modes are necessary for this holography and their interplay unveils interesting phenomena. In particular, the unique bulk theory gives rise to two boundary theories that are the free and interacting fixed points of the O(N) vector model. At large-N, the boundary theories are distinguished only by the parity assignments in the supermultiplets. For subleading-N, only the boundary conditions that give the interacting O(N) vector model in the boundary will Higgs the massless higher-spins and give rise to a boundary theory where all higher-spin currents acquire anomalous dimensions.

We studied various boundary conditions that correspond to “double-trace” deformations of the free boundary theory. Particularly intriguing is the fact that supersymmetry breaking boundary deformations lead for large-N to a supersymmetric theory. This phenomenon is tied to the fact that the free boundary theory may be viewed as being “half in a UV fixed point and half in an IR fixed point.” We expect that a similar phenomenon occurs in the case of the the N = 1 SCFT in four dimensions obtained holographically from the compactification of IIB SUGRA on AdS_5×T^{1,1} [25]. We have also noted the possible existence of a line of fixed points in this model.

One would like to think that some of the salient features of this special holography are connected with the higher-spin gauge symmetry. In particular the fact that this holography gives rise to a free boundary theory is presumably a feature of higher-spin theories. Nevertheless, it appears that once we have information about the free boundary theory we also have information about an interacting boundary theory. This follows from the fact that the higher-spin multiplet includes simultaneously “shadow” UIRs of the conformal group and therefore describes at the same time UV and IR properties of the boundary

– 13 – theory. It would be interesting to study further our proposal and discuss supermultiplets containing currents with higher spins, in particular the energy momentum tensor. It is also be of interest to study the thermodynamics and the O(N) symmetry breaking pattern of the boundary theory from the bulk point of view.

Acknowledgments

We thank P. Sundell, M. Vasiliev and S. Ferrara for useful discussions. The work of R.G.L. is supported in part by U.S. Department of Energy grant DE-FG02-91ER40677.

A. Conventions

There is a real basis of generators for the (− + +) Clifford algebra

γ^μ = {iσ_2, σ_1, σ_3} . (A.1)

Because of the reality of the generators of the Clifford algebra, we can take Majorana spinors satisfying ψ = ĉψ̄^T . (A.2) We can take ĉ = γ^0 ≡ ϵ^{αβ}, and thus the Majorana condition just reduces to ψ^∗ = ψ. Because of the choice of basis for the Clifford algebra, we have equations like

ψ̄η = ψ^T γ^0η = ψ_αϵ^{αβ} η_β = −ϵ^{βα}ψ_αη_β = −ψη . (A.3)

Using real Poincaré generators, the N = 1 supersymmetry generators can be taken to satisfy {q_α, q_β} = 2 ( γ^μĉ^{−1} ) αβ P_μ . (A.4) A superspace representation for these generators is

q_α = −(ĉ^{−1})_{αβ} δ δθ_β + ( γ^μθ ) α ∂_μ . (A.5)

The general N = 1 superfield is written Φ(x, θ) = φ(x) − θ̄ψ(x) + 1 2 θ̄θF (x) (A.6)

and the supersymmetry transformations are δφ = ϵ̄ψ , δψ = F ϵ + ∂_μφγ^μϵ , δF = −ϵ̄γ^μ∂_μψ . (A.7) The “spin-zero” current is defined as J = 1 2 Φ^2 = 1 2 (φφ) − θ̄ [(φψ)] + 1 2 θ̄θ [ (φF ) − 1 2 (ψ̄ψ) ] , (A.8)

therefore on-shell we have

J^{(+)}_1 = 1 2 (φφ) , J^{(±)}_{3/2} = (φψ) , J^{(−)}_2 = − 1 2 (ψ̄ψ) . (A.9)

– 14 –

Then, taking

D_α = (ĉ^{−1})_{αβ} δ δθ_β + (γ^μθ)_α∂_μ , (A.10)

we find the free N = 1 lagrangian as ∫ d^2θ 1 2 DΦDΦ = − 1 2 [ η^{μν} ∂_μφ∂_ν φ + ψ̄γ^μ∂_μψ + F^2 ] . (A.11)

Parity in three dimensions is defined as

P̂ ψ (x^0, x^1, x^2) = η (Π · ψ) (x^0, x^1, −x^2) , η^2 = 1 , (A.12)

and one can verify that a suitable choice is Π ≡ γ^2. Then one easily finds that the scalar J^{(−)}_2 (x) in (A.9) is odd under parity while J^{(+)}_1 is even, as the superscripts indicate. In general, N = 1 supersymmetry requires that the two scalars in the “spin-zero” multiplet have opposite parity. However, only the specific assignments above lead to a free-field theory representation as in (A.8).

Now we would like to extend this to the AdS_4 bulk [14]. First, we take the AdS_4 metric in Poincaré coordinates

ds^2 = 1 r^2 ( dr^2 + η_{μν} dx^μdx^ν ) , μ, ν = 0, 1, 2 . (A.13)

It is simpler to work in R^5 with metric g^{AB} = diag(− − + + +), A, B = −1, 0, 1, 2, 3 where Spin(3, 2) acts linearly. The most convenient basis is

Γ^{−1} = ( 0 −I I 0 ) Γ^μ = ( γ^μ 0 0 −γ^μ ) Γ^3 = ( 0 I I 0 ) . (A.14)

The Spin(3, 2) generators in the spinor representation are S^{AB} =^1_4 [ Γ^A, Γ^B ] . Denoting by M^{AB} the SO(3, 2) generators, we can introduce a supercharge Q_α (here α = 1, . . . , 4) [ M^{AB} , Q_α ] = −(S^{AB} )_α^βQ_β . (A.15)

In the given basis, Ĉ = Γ^{−1}Γ^0. We have {Q_α, Q_β} = −2 ( S^{AB}Ĉ^{−1} ) αβ M_{AB} . (A.16)

The utility of the chosen basis is that the generator of Spin(2, 1) ⊂ Spin(3, 2) splits S^{μν} = (_1

2 γ^{μν} 0 0^1_2 γ^{μν} ) , (A.17)

and thus it is sensible to define Q = ( q s ) . (A.18)

– 15 –

We can then work out the superalgebra relations^6 (now α = 1, 2)

[L_{μν} , q_α] = − 1 2 ( γ_{μν} q ) α [L_{μν} , s_α] = − 1 2 ( γ_{μν} s ) α , (A.19)

[P_μ, q_α] = 0 [P_μ, s_α] = − ( γ_μs ) α , (A.20)

[K_μ, q_α] = + ( γ_μq ) α [K_μ, s_α] = 0 , (A.21) [D, q_α] = − 1 2 q_α [D, s_α] = + 1 2 s_α , (A.22) and {q_α, q_β } = 2(γ^μĉ^{−1})_{αβ} P_μ , (A.23) {s_α, s_β } = −2(γ^μĉ^{−1})_{αβ} K_μ , (A.24) {q_α, s_β } = 2(ĉ^{−1})_{αβ}D − (γ^{μν}ĉ^{−1})_{αβ} L_{μν} , (A.25)

where we have written Ĉ = ( 0 ĉ ĉ 0 ) . It is clear from the form of the algebra that Q can be taken to be Majorana. This condition is

Q = CQ^T , (A.26)

where C = ĈΓ^{−1}, and the condition amounts to q^∗ = q, s^∗ = s.

The bulk ”Wess-Zumino multiplet” has real scalar components j_0, j_2 and a Majorana spinor j_{1α}. In terms of UIRs of Osp(1|4) this is of the general form [13]

D(Δ, 0) ⊕ D(Δ + 1/2, 1/2) ⊕ D(Δ + 1, 0) . (A.27)

Supersymmetry acts on them as

q_αj_2 = j_{1α} , (A.28) q_αj_{1β} = ( γ^μĉ^{−1} ) αβ ∂_μj_2 + ( ĉ^{−1} ) αβ j_0 , (A.29) q_αj_0 = − ( γ^μ∂_μj_1 ) α . (A.30)

On-shell, the last equation (A.30) is zero. This essentially means that q_α acts as a dimension lowering operator such that Δ_1 = Δ_2 − 1/2 and Δ_0 = Δ_1 − 1/2, where Dj_x = Δ_xj_x. Relevant to us is the case Δ_0 = 1 when j_0, j_2 and j_1 are respectively the two conformally coupled scalars h^{(+)}_1 and h^{(−)}_2 and the bulk spinor Ψ in (3.4) Again, N = 1 SUSY requires that one assigns different parities to the two scalar components of the multiplet. This can be easily seen if one realizes from (A.23) and (A.29) that the operator that lowers the dimension of j_2 by unity is proportional to ϵ^{αβ}q_αq_β which is odd under parity [26]. On the spinor, parity acts as in (A.12) where now Π = Γ^2. A mass term on AdS_4 is parity odd. 6As usual, define D = M−1,3, Kμ = M3,μ + M−1,μ, Pμ = M3,μ − M−1,μ, Lμν = Mμν .

– 16 –

References

[1] M.A. Vasiliev, Cubic interactions of bosonic higher spin gauge fields in AdS_5, Nucl. Phys. B 616 (2001) 106 [hep-th/0106200], erratum ibid. B 652 (2003) 407; Conformal higher spin symmetries of 4D massless supermultiplets and OSp(L, 2M) invariant equations in generalized (super)space, Phys. Rev. D 66 (2002) 066006 [hep-th/0106149]; Progress in higher spin gauge theories, hep-th/0104246;

O.V. Shaynkman and M.A. Vasiliev, Higher spin conformal symmetry for matter fields in 2+1 dimensions, Theor. Math. Phys. 128 (2001) 1155–1168 [hep-th/0103208]; M.A. Vasiliev, Higher spin gauge theories: star-product and AdS space, hep-th/9910096; More on equations of motion for interacting massless fields of all spins in (3+1)-dimensions, Phys. Lett. B 285 (1992) 225; Properties of equations of motion of interacting gauge fields of all spins in (3+1)-dimensions, Class. and Quant. Grav. 8 (1991) 1387; Consistent equation for interacting gauge fields of all spins in (3+1)-dimensions, Phys. Lett. B 243 (1990) 378; E.S. Fradkin and M.A. Vasiliev, Cubic interaction in extended theories of massless higher spin fields, Nucl. Phys. B 291 (1987) 141; On the gravitational interaction of massless higher spin fields, Phys. Lett. B 189 (1987) 89.

[2] P. Haggi-Mani and B. Sundborg, Free large-N supersymmetric Yang-Mills theory as a string theory, J. High Energy Phys. 04 (2000) 031 [hep-th/0002189].

[3] M.A. Vasiliev, Nonlinear equations for symmetric massless higher spin fields in AdS_d,

hep-th/0304049;

D. Francia and A. Sagnotti, On the geometry of higher-spin gauge fields, Class. and Quant. Grav. 20 (2003) S473 [hep-th/0212185];

J. Engquist, E. Sezgin and P. Sundell, Superspace formulation of 4d higher spin gauge theory,

hep-th/0211113; On N = 1,2,4 higher spin gauge theories in four dimensions, Class. and

Quant. Grav. 19 (2002) 6175 [hep-th/0207101];

D. Francia and A. Sagnotti, Free geometric equations for higher spins, Phys. Lett. B 543 (2002) 303 [hep-th/0207002];

E. Sezgin and P. Sundell, Massless higher spins and holography, Nucl. Phys. B 644 (2002) 303 [hep-th/0205131];

A. Mikhailov, Notes on higher spin symmetries, hep-th/0201019;

E. Sezgin and P. Sundell, 7D bosonic higher spin theory: symmetry algebra and linearized constraints, Nucl. Phys. B 634 (2002) 120 [hep-th/0112100].

[4] I.R. Klebanov and A.M. Polyakov, AdS dual of the critical O(N) vector model, Phys. Lett. B 550 (2002) 213 [hep-th/0210114].

[5] I.R. Klebanov and E. Witten, AdS/CFT correspondence and symmetry breaking, Nucl. Phys.

B 556 (1999) 89 [hep-th/9905104].

[6] S.S. Gubser and I. Mitra, Double-trace operators and one-loop vacuum energy in AdS/CFT, Phys. Rev. D 67 (2003) 064018 [hep-th/0210093].

[7] S.S. Gubser and I.R. Klebanov, A universal result on central charges in the presence of double-trace deformations, Nucl. Phys. B 656 (2003) 23 [hep-th/0212138].

[8] A.C. Petkou, Evaluating the AdS dual of the critical O(N) vector model, J. High Energy Phys. 03 (2003) 049 [hep-th/0302063].

[9] A. Petkou, Conserved currents, consistency relations and operator product expansions in the conformally invariant O(N) vector model, Ann. Phys. (NY) 249 (1996) 180 [hep-th/9410093].

– 17 –

[10] J. Zinn-Justin, Four fermion interaction near four-dimensions, Nucl. Phys. B 367 (1991) 105.

[11] V.K. Dobrev, Intertwining operator realization of the AdS/CFT correspondence, Nucl. Phys.

B 553 (1999) 559 [hep-th/9812194].

[12] K. Koller, The significance of conformal inversion in quantum field theory, Commun. Math.

Phys. 40 (1975) 15.

[13] W. Heidenreich, All linear unitary irreducible representations of de Sitter supersymmetry with positive energy, Phys. Lett. B 110 (1982) 461.

[14] W. Muck and K.S. Viswanathan, The Wess-Zumino model and the AdS_4/CF T_3 correspondence, Phys. Rev. D 60 (1999) 046003 [hep-th/9903194].

[15] S. Ferrara and E. Sokatchev, Conformally coupled supermultiplets in four and five dimensions, J. High Energy Phys. 08 (2002) 051 [hep-th/0203068].

[16] P. Breitenlohner and D.Z. Freedman, Stability in gauged extended supergravity, Ann. Phys.

(NY) 144 (1982) 249.

[17] J.A. Gracey, Probing the supersymmetric O(N) sigma model to O(1/N^2): critical exponent eta, Nucl. Phys. B 348 (1991) 737.

[18] E. Witten, Multi-trace operators, boundary conditions and AdS/CFT correspondence,

hep-th/0112258.

[19] M. Berkooz, A. Sever and A. Shomer, Double-trace deformations, boundary conditions and spacetime singularities, J. High Energy Phys. 05 (2002) 034 [hep-th/0112264].

[20] M. Henneaux, Boundary terms in the AdS/CFT correspondence for spinor fields,

hep-th/9902137.

[21] V.G. Koures and K.T. Mahanthappa, Renormalizability of a (2+1)-dimensional supersymmetric nonlinear sigma model in superspace, Phys. Rev. D 45 (1992) 580.

[22] T. Leonhardt, A. Meziane and W. Ruhl, On the proposed AdS dual of the critical O(N) sigma model for any dimension 2 < d < 4, Phys. Lett. B 555 (2003) 271 [hep-th/0211092].

[23] L. Girardello, M. Porrati and A. Zaffaroni, 3-d interacting cfts and generalized Higgs phenomenon in higher spin theories on AdS, Phys. Lett. B 561 (2003) 289 [hep-th/0212181].

[24] D. Anselmi, Theory of higher spin tensor currents and central charges, Nucl. Phys. B 541 (1999) 323 [hep-th/9808004].

[25] I.R. Klebanov and E. Witten, Superconformal field theory on threebranes at a Calabi-Yau singularity, Nucl. Phys. B 536 (1998) 199 [hep-th/9807080].

[26] H. Nicolai, presented at Spring school on supergravity and supersymmetry, Representations of supersymmetry in anti-de Sitter space, Trieste, Italy, Apr 4-14, 1984.

– 18 –